The fundamental solution (Green's function) of a first order ordinary differential equation for 2Â2-matrices related to a couple of Weber's equations is calculated by two methods. The matrix differential equation under consideration arises in a problem of condensed matter physics which is reduced to the famous Landau-type problem of quantization for relativistic electron in a constant homogeneous magnetic field. The coincidence of two representations for the Green function results in a Nicholson-type integral for the product of two parabolic cylinder functions D n (x)D n (Àx) at <n < 0
INTRODUCTION
The parabolic cylinder functions have been extensively studied in classical mathematical physics [1] [2] [3] [4] [5] . In particular, among various relations for them, the integral representations are known for the following products of two parabolic cylinder functions [1, 2, 6] 
Besides, the following relations can be found in Ref. [5] : 
Moreover, Ref. [1] suggests to consult with [7] [8] [9] for other information concerning integral representations for the parabolic cylinder functions and their products. Essentially, apart from (1), only the following combinations can be found in Refs. [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] : 
There are more other representations for products of D n ðzÞ by means of integrals and series in Refs. [6, [17] [18] [19] [20] [21] [22] [23] [24] . For instance, the products at the same arguments can be found in Refs. [19, [21] [22] [23] . Certain representations through complex and contour integrals are given in Ref. [22] . Expressions for products by means of indefinite integrals are given in Ref. [19] . Recently, it has been found that the wave field of the plane wave, which is scattered by a cone of arbitrary shape, can also be expressed for singular directions by means of the parabolic cylinder functions [25] .
The present paper is to point out an integral representation for the product of two parabolic cylinder functions at the opposite arguments, D n ðxÞD n ðÀxÞ, at <n < 0. The formula to be obtained is due to equivalence of two representations for the fundamental solution (Green's function) of a first order ordinary (2 Â 2-matrix) differential equation related to a couple of Weber's equations. The paper completes [26] , where some details omitted here can be found.
Combining (2) with (3) (or, integrating (2)) we obtain the following integral for the product of two functions D n ðzÞ at the opposite arguments:
In turn, the present paper is to point out another formula for the product D n ðxÞD n ðÀxÞ:
Equation (6) appears as a by-product of [27, 28] where a theoretical problem of condensed matter physics is studied. Specifically, a vacuum (i.e., a ground state) expectation value of the momentum operator (so-called, mass current) in superfluid A-phase of helium-3 ( 3 He-A) is investigated in Refs. [27, 28] . Equation (6) arises since the Green function of the quantum-statistical model under consideration (i.e., the fundamental solution to an appropriate matrix ordinary differential equation) can be obtained in two equivalent forms: the integral [27] , and the series [28] . Equating to each other, one obtains (6). The basic differential equation in question below reminds the famous physical problem of quantization for a relativistic electron in a constant homogeneous magnetic field (the Landau-type problem) [29] .
It is especially convenient to apply to (6) the Laplace method (steepest descent) in order to calculate asymptotical expansions for the mass current [28] . Therefore, (6) looks attractive since can be considered at the same footing as (1)- (5), and, hopefully, can be useful for applications, since contains only elementary functions under integration. The present paper briefly recalls the main points of [27] and [28] in Sections 2 and 3, respectively. Section 4 contains special examples, and Section 5 concludes the paper.
THE INTEGRAL REPRESENTATION
The master equation of our approach is given by the matrix ordinary differential equation
where x 2 R is a real variable; D; o; x are real parameters, i ffiffiffiffiffiffi ffi À1 p , and 1 is unit matrix. Unknown entries of the matrix GðxÞ are assumed to vanish at x ! AE1 in the sense of quadratic integrability. Equation (7) appears from the Dyson-Gorkov equation which describes the physics of 3 He-A [27] . Under certain physically motivated conventions, (7) appears from a spatially three-dimensional general Dyson-Gorkov equation, and the variable x turns out to be due to a separation of the model considered into a collection of one-dimensional subsystems. The parameter o (7) corresponds to a thermal Matsubara frequency.
Let us put (7) in another equivalent form:
where the Dirac d-function is placed in the R.H.S. for conveniency. Besides,G G ¼ sG in (8), where s diagf1; À1g is the diagonal matrix. Equation (7) appears after integrating (8) over x 0 from À1 to 1 with GðxÞ ¼ Ð Gðx; x 0 Þ dx 0 . Following [27] , let us assume that G 0 ðxÞ is known which respects
Being so, one is concerned, instead of (8) 
where the entries G ij 0 respect (9) . Equations (10), (11) tell us that inhomogeneous Eq. (7) is solved, in fact, by the method of variation of arbitrary constant [30] .
Let us express G 0 in the form
where u is unitary matrix, and unknown functions f 1;2 f 1;2 ðxÞ and h 1;2 h 1;2 ðxÞ are to be found. Then (9) can be reduced to the couple of second order Weber's [3] equations:
where the tilde implies that f ; h are expressed through y x ffiffi ffi 2 p , and the indices 1, 2 are omitted. Besides, l ðo þ iDÞ= ffiffi ffi 2 p . Eventually, the following combinations forh h 1;2 andf f 1;2 (13) at y ! þ1, jyj ) a (the leading terms). The theory of distributions allows to calculate (11) straightforwardly. For the given choice of G ij 0 , the order of integrations in (11) can be changed at fixed x (Fubini's theorem).
Integrating over x first, we obtain 2pdðs À xÞ. Then, using the properties of d-function [30] we finally obtain (again in the x-notations):
where GðÁÞ is the gamma function [2] . A note about J 21 will be given in the last section.
Other entries are not of interest for us.
C. MALYSHEV
Let us consider another approach to (7) [28] . The operator HðxÞ, (7) is Hermitian, (the vanishing boundary conditions), and it admits a conjugation by the constant matrix u (12):
where a AE x Ç d=dx. The operator H 2 em resembles the Hamiltonian of a spinning electron in a constant homogeneous magnetic field [29] . It is straightforward to obtain real eigenvalues E 0 , AEE n and eigenfunctionsĈ C 0 ;Ĉ C AE n ðn ! 1Þ of H em ðxÞ [31] :
where
, and c n ðxÞ are the Hermite functions, c n ðxÞ
H n ðxÞ [32] . Orthonormality and completeness of the set of functionsĈ C 0 , C C AE n ðn ! 1Þ can be directly verified since c n ðxÞðn ! 0Þ are orthogonal and complete in L 2 ðRÞ. Let us take unknown matrix GðxÞ in the form (12) and pass to the equation We define the coefficients [31] and obtain J 11 in the series form:
Two ways of solving (7) give us two representations for the same fundamental solution GðxÞ. Generally, it is a powerful technique to equate equivalent representations of Green functions of Sturm-Liouville problems [33] . In Refs. [27, 28] one is concerned with the integrated entry of the Green function J 11 ðxÞ given by (14) or (15), appropriately. Let us now equate separately the real and imaginary parts of (14) and (15) . After the analytical continuation jlj 2 ! z, we deduce:
The series in R.H.S. of (16) is convergent absolutely and uniformly on R 3 x, and it is straightforward to express it in the integral form using
Using the generating function of Hermite polynomials [2] to sum up after exchanging summation and integration, one just obtains:
Going to n instead of Àz, we arrive at (6). R.H.S. of (17.1) can be transformed to the integral which is known in the following form [6, 34] :
; <z > 0; ð17:2Þ
where F 1 ða; b; g; u; vÞ is the confluent hypergeometric series in two variables [1, 35] . Using the recurrence relations for the parabolic cylinder functions [2] we obtain that yðxÞ D n ðxÞD n ðÀxÞ respects the third order differential equation [20] :
Adopting straightforwardly the Theorem 5.1 [36] one can verify that the integral (6) also respects (18).
SPECIAL NOTES
We shall present several particular notes in order to argue specific facts concerning (17) . Equation (17.1) depends on two parameters, z 2 C and x 2 R, and their admissible values constitute the domain D ¼ f<z > 0g Â R. Let us consider the following specifications for z; x: the line, z ¼ 1=2; open half-plane, x ¼ 0. Equations (20), (21) can be related [26] to a known couple of integral representaions for K 1=4 I AE1=4 [37] .
